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P H Y S I C A L  S C I E N C E S

Diffusion power spectra as a window into dynamic 
materials architecture
Sophia N. Fricke1*, Mia Salgado1, Shira Haber2†, Jeremy Demarteau3, Mutian Hua4,  
Ah- Young Song1,2, Brett A. Helms2,3, Je!rey A. Reimer1,2

Chemical recycling of commodity and specialty polymers presents a multifaceted challenge for industrial societies. 
On one hand, macromolecular architectures must be engineered to yield durable products that, on the other hand, 
rapidly deconstruct to recyclable monomers under pre- determined conditions. Polymer deconstruction is a chemi-
cal process that requires deep understanding of molecular reactivity in heterogeneous media, where porous mate-
rial architectures evolve in both space and time. To build this understanding, we develop herein experimental and 
analytical methods describing sets of di!usive eigenmodes that exist within time- varying, non- Euclidean boundary 
conditions, a situation commonly encountered in the reactive deconstruction of polymers where chain fragments 
splay, alter their local dynamics, and evolve in their con"nement of reacting media. Di!usion power spectra, dis-
cerned experimentally by NMR, yield polymer and solvent frequency- domain velocity autocorrelation functions 
that are analyzed in the context of physical models for chemical reactions parameterized with fractal mathematics. 
The results connect local motion in polymers to chemical reactivity during acidolysis of circular elastomers.

INTRODUCTION
Polymer networks o!er customizable material properties for a di-
verse range of products, primarily durable goods. "eir degradation 
over short timescales is undesirable when products are in use; how-
ever, rapid deconstruction in a prescribed medium is desirable when 
products are recycled at end of life. Understanding local chemical 
dynamics and reactivity of polymer networks, from molecular to 
macroscopic scales, emerges as crucial to engineering circularity 
throughout the succession of generation and regeneration (1–3). 
Such an understanding remains elusive, given the multiple time-  and 
lengthscales associated with polymer deconstruction. Polymers are 
known to be fractal objects with self- similarity in lengthscales rang-
ing from the size of the monomer(s) to the total chain length (4–8). 
By de#nition (6, 9–11), fractal objects may be categorized as random 
or nonrandom spatial or temporal patterns. On the basis of literature 
knowledge of polymers as archetypal fractals, we reveal herein a con-
nection between objects exhibiting fractal structures in space yet 
also presenting dynamic processes with fractal kinetics in time, an 
intriguing link between structure and dynamics (12, 13).

We begin by noting that the departure from Euclidean geometry in 
nano-  and microporous media in%uences the thermal motion of con-
#ned molecules (14, 15). Moreover, the nature of molecular con#ne-
ment in swollen polymer networks, such as in an elastomer undergoing 
chemical transformation to monomers, has a profound in%uence on 
the motion of trapped molecules because the con#nement serves as 
time- varying boundary conditions for local di!usive motion. In the 
absence of con#nement, molecular motion corresponds to planewave 
eigenmodes, with momenta states given by ℏk, as the product of the 
reduced Planck constant and the time- independent wave number. 

When a molecule experiences con#nement, boundary conditions re-
strict its allowed states due to the requirement of zero probability at 
the boundaries (16). When boundaries exhibit surface roughness and 
irregularities that may be approximated with fractional dimensionality, 
the di!usion equation must be solved within the constraints of these 
complex fractal boundary conditions (17–19). "is approach is neces-
sary to quantify essential and underexplored aspects of polymer de-
construction to reusable monomers.

Small- molecule motion is typically thought of as Brownian, yet 
the fractal nature of a heterogeneous network boundary (e.g., pore 
walls) presents nonrandom modes that deviate from a traditional 
Markovian description (5, 20, 21). "e prolonged memory that arises 
from con#nement in%uences extended motional coherence and is 
manifested in the velocity autocorrelation function as an extended 
time tail (22–25). "is non- Brownian contribution to molecular 
motion is observable in a di!usion power spectrum, i.e., the spectral 
density of the velocity autocorrelation function (26–28). "is func-
tion is conveniently accessed via di!usion spectra obtained with 
modulated gradient spin echo (MGSE) trains in nuclear magnetic 
resonance (NMR) (29). Bene#ts of the MGSE NMR approach in-
clude detection of entire sample volumes, versus surfaces as with 
dynamic light scattering and related approaches (30), thereby exam-
ining the bulk evolving internal pore structures and connectivity. In 
particular, the use of low- #eld, unilateral magnets to accomplish the 
MGSE NMR measurement enables observation of a wide variety of 
sample geometries and readily captures the e!ects of both volume 
heterogeneity and surface complexity. Moreover, the time-  and length-
scales accessed via frequency- filtered MGSE trains readily span 
frequencies of molecular motion from 0 to 10,000 Hz. Unexpectedly, 
MGSE NMR has not been widely applied to the evolving dynamics 
in polymers or nano-  and microporous systems, in particular, dynamics 
that are manifested during polymer deconstruction and chemical recy-
cling processes.

Here, we advance and apply MGSE NMR to understand polymer 
network deconstruction and provide theoretical validation of this 
approach consistent with a nonlinear (and non- Markovian) deriva-
tion of molecular self- di!usion. Di!usion power spectra obtained 
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from these experiments are presented as an e&cient experimental 
means of observing molecular dynamics across broad length-  and 
timescales in the complex and evolving media associated with 
polymer deconstruction. "ese results clarify the origins of previous 
#ndings of an unexpected rate acceleration in polymer network 
deconstruction via mechanochemical bond activation (31). Further, 
we showcase the ability of MGSE NMR and the associated di!u-
sion spectra to identify the extent of porous network con#nement 
with a high degree of sensitivity and resolution, upon which we 
elaborate using a series of elastomers that vary in their dynamic 
materials architectures with respect to both chemical cross- links and 
degree of entanglement.

RESULTS
"e interplay of polymer dynamics, including factors such as chain 
length, network entanglement, and interactions with surrounding 
environments, o!ers a rich landscape for tailoring material transport 
properties. Figure 1 conceptualizes the approach we take to address 

this landscape. "e inset in Fig. 1A depicts a cross- linked elastomer 
network undergoing acidolytic transformation, a process mediated 
by di!usive transport of solvated protons through a heterogeneous 
medium. From the MGSE NMR pulse sequence shown diagram-
matically in Fig. 1B, the exemplary data in Fig. 1C demonstrate that 
the normalized echo amplitudes decay from di!usive signal attenua-
tion as a function of the number of echoes, Nechoes; relaxation does 
not contribute to this attenuation because all echo trains are recorded 
with the same #xed total time, Ttotal (further experimental details 
are provided in Materials and Methods). "e decays shown in Fig. 1C 
can be readily converted to the frequency- dependent di!usion (vide 
infra). "e energy level diagram in Fig. 1D contrasts the density of 
states available to sti! versus %exible polymer chains (32), where in-
creasing polymer %exibility or decreasing entanglement and cross- 
link density serve to broaden the continuum of energy states available 
to a polymer system. Such changes could be the result of molecular 
weight variation, solvation, temperature %uctuations, acidolysis, etc. 
Correspondingly, the dynamic regimes accessed by a polymer system 
may be described by a frequency- dependent di!usion spectrum, 

Fig. 1. A graphical depiction of polymer transport, di!usion, and reaction as measured with an MGSE experiment using benchtop NMR. (A) shows a polymer 
sample atop a 0.3- T PM25 NMR- MOUSE unilateral magnet with a static constant gradient of 7 T m−1. (B) shows the MGSE pulse sequence that results in a time- varying 
e"ective #eld gradient, Ge", wherein the number of π RF pulses corresponding to the number of echoes, Nechoes, in an echo train is varied within a #xed total time, Ttotal. 
This results in a set of echo time decays as shown in (C), with exemplary data for a micellar block copolymer gel made of 50% (w/v) Pluronic F- 127 in H2O. The energy 
level diagram in (D) shows the e"ect of entanglement on the density of states; entanglement thus a"ects the dynamic regimes accessed by a polymer system, which are 
depicted according to the polymer tube model in (E).
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D(ν), where the power law scaling from low- to- high frequencies is 
interpreted as a progression from free di!usion, to reptation, Rouse, 
and lastly, to subsegmental motion (Fig. 1E) (33, 34).

Reaction kinetics are scale- variant in 
heterogeneous systems
We consider #rst the in%uence of heterogeneity of the polymer sur-
face on the chemical kinetics of polymer decomposition. "ese reac-
tion kinetics are fundamentally in%uenced by the scale of a reaction 
and the surface areas where reactants interact (35). At the macro-
scopic level, the reacting wavefront is observable with operando 
magnetic resonance imaging (MRI); the changing wavefront with 
time for large- scale reactions may exhibit behaviors that diverge 
from classical predictions based solely on consideration of micro-  or 
nanoscale chemistry with homogeneously distributed reactants and 
products (36). In the classically ideal case, increased e!ective surface 
areas enhance the frequency of molecular collisions and facilitate more 
rapid reaction rates. However, discrepancies arise in the translation 
to macroscopic regimes where reactants must interact across or dif-
fuse through interfaces (14–16, 22, 37, 38). In addition, surface- area 
dependencies become crucial when dealing with catalysts or porous 
materials, as the active sites available for reaction initiation are di-
rectly related to the exposed surface (35). Understanding the rela-
tionship between reaction kinetics, scale variance, and surface area 
is vital for designing e&cient chemical processes and prescribing the 
necessary reaction conditions to leverage the dynamic interplay be-
tween molecular entities across their relevant length and timescales.

Figure 2 illustrates the MRI- observed e!ect of macroscopic sur-
face area variation on the instantaneous rate coe&cient [k(t)] for a 
depolymerization reaction, and the calculated Hurst exponent (h) 
and corresponding fractal dimension, which is an indicator of the 
degree of space- #lling, or average dimensionality, in the system through 
surface complexity and volume heterogeneity. Here, we prepared 
chemically identical cross- linked polydiketoenamine (PDK- T5000) 
elastomers with cylindrical geometries of 5 mm in height but with 
diameters ranging from 4 to 8 mm. When deconstructed in the same 
reaction medium with continuously recorded axial images to allow 
rate law analysis as described in (36), it is evident that the depolymer-
ization rate scales inversely with the sample size, as expected.

However, regimes of sub- , Brownian, and super- di!usion are ob-
served in Fig. 2B, corresponding to h < 0.5, h = 0.5, and h > 0.5, re-
spectively (21). A shi' from predominantly superdi!usion at early 
times to subdi!usion at late times represents an initial prevalence of 

active transport via polymer swelling being gradually replaced by 
isotropic yet restricted molecular motion. It must be noted that this 
interpretation re%ects a spatial average resulting from all the modes 
of di!usion present simultaneously within the sample. We submit 
that the time variation of h may be understood as the rate of reaction 
deceleration, or the “jerk,” a vector quantity that corresponds to the 
third derivative of the position of the reaction front over time (39). 
Nonzero jerk is the minimum requirement for chaotic behavior in a 
system, and successive time derivatives (termed snap, crackle, and 
pop) may be used to linearize the behavior of the chemical wave-
front and to model deceleration from the maximum, classically pre-
dicted speed (40).

To better understand the in%uence of restricted di!usion on chem-
ical reaction rate, we consider the contributions of di!erent frequen-
cies of molecular motion to the superposed modes of di!usion that 
are collectively detected by measuring power spectra via MGSE NMR 
experiments (27). In an MGSE experiment, a magnetization grating is 
selectively increased by varying the number of echo train π pulses 
within a #xed total time and constant magnetic #eld gradient (Fig. 1B). 
"is creates a bandpass #lter for nuclear spin phase coherences corre-
sponding to molecules within the entire volume of the sample that move 
at similar frequencies. "is is in contrast to the typical pulsed #eld gradi-
ent (PFG) method where a superposition of these contributions is 
detected. "e advantage of varying the number of echoes within a 
#xed time is that it resolves individual contributions across a frequency 
spectrum, portending relations between the structure and dynamics of 
a heterogeneous polymer system. "e frequency- dependent di!usion 
coe&cient, D(ω), is given (28) as the transport property associated 
with the velocity autocorrelation function

where v(t) represents the time- dependent velocity, and the scaling 
by 1

3
 is a dimensional factor corresponding to the magnetic #eld gra-

dient. We note that the Green- Kubo relations provide a template to 
obtain the frequency dependence of any other transport property that 
is similarly associated with a spatial or temporal autocorrelation func-
tion (41). "is is achieved formulaically by relating a macroscopic 
transport coe&cient to the Fourier transform of a correlation func-
tion of a microscopic variable. We now consider three cases that may 
collectively shed light on deconstructing polymer systems.

D(ω) =
1
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Fig. 2. A demonstration of the scale variance of depolymerization reaction kinetics. The comparative time- dependent rates of PDK- T5000 cylinders of three di"erent 
diameters deconstructing in 5 M H2SO4, as calculated from operando MR images. From the set of time- dependent reaction rates, k(t), in (A), the time- dependent Hurst 
exponents, h(t), and the fractal dimension are calculated in (B) and (C) as 𝜕k

𝜕t
 and 3 − h, respectively (36).
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Case 1: Water con"nement and polymer 
network architecture
First, we examine D(ν) when water is present within various swelled 
elastomer networks, i.e., without the temporal in%uence of chemical 
reaction (Fig. 3). We emphasize here that the observed values of D(ν) 
for water in polymer matrices are not expected to be lower than the 
corresponding value for pure water at all frequencies. "is is because, 
#rst, the recorded signal includes contributions from protons bound 
to, or in exchange with, the polymer matrices themselves. Second, 
higher- order harmonics are physically reasonable solutions to the dif-
fusion equation for cavity- con#ned water. "ese increased- energy ei-
genmodes are expected to contribute at higher frequencies, although 
quantitative prediction is challenging. It is also possible, although un-
proven here, that the contribution of these modes to traditional PFG 
NMR experiments may lead to delta (Δ) time dependence in self- 
di!usion coe&cients calculated with the Stejskal- Tanner equation for 
systems with predominantly restricted di!usion (27, 37, 42–45).

It is evident in Fig. 3A that increased high- frequency modes of di!u-
sion are available to water in con#ned environments provided by net-
work polymers compared to unrestricted water, dimethylformamide 
(DMF), and a micellar gel Pluronic F- 127. Here, we note that the abun-
dant proton signal from water vis- à- vis the polymer network provides 
reasonable spectral selectivity to water. "e values of D(ν) for freely 
di!using water and DMF are consistent with traditional PSGE- NMR 
(zero frequency) di!usion coe&cients (25, 46, 47). "e remaining 

samples represent matrices with increasingly hindered motion for 
controlled comparison to the di!usion spectrum of free water (47). 
"us, observation of increased water di!usivity at frequencies of 5 to 
10 kHz reports on the degree of con#nement in surrounding net-
work architecture. "e degree of this increase may be conveniently 
expressed by plotting the scaling power of D(ν), from which h(ν) 
is calculated from an expression for fractional, nonlinear (in time) 
Brownian motion

where the constant α is twice the Hurst exponent, and the conversion 
from angular to linear frequencies has been invoked for spectroscopic 
convention (5, 21, 48).

By plotting normalized frequency- dependent di!usivities of dif-
ferent systems relative to D(ν) for DMF (Fig. 3B) and water (Fig. 
3C), it is possible to isolate the speci#c changes in the di!usion 
power spectra that relate to con#nement and the dipolar coupling 
provided by an organic alkane, respectively. From comparison to 
the di!usion spectrum for free water in Fig. 3C, it is apparent that 
most changes in di!usion spectra for systems with some degree of 
confinement are manifest in the high- frequency regime greater 
than 5 kHz. "e di!usion spectra for simple, bulk liquids tend to 
high- frequency horizontal asymptotes, observed here below the 
transition from diffusive to ballistic movement in the terahertz 
regime (25, 29, 46, 49).

D(t) = αtα−1D(∞) (2)

100 101

 (kHz)

10–10

10–9

10–8

D
(
) (
m
2  
s–

1 )

H2O DMF PF127 Lew T403 T3000 T5000

0 2 4 6 8 10
 (kHz)

0

2

4

6

D
(
)/D

D
M
F(

)

0 2 4 6 8 10
 (kHz)

0

1

2

3

4

D
(
)/D

H
2O
(
)

2 4 6 8
 (kHz)

0

0.5

1

1.5

2

2.5

Sc
al
in
g 
po
w
er

2 4 6 8
 (kHz)

0

0.1

0.2

0.3

0.4

0.5

h 
(
)

2 4 6 8
 (kHz)

To
rtu

os
ity
 (

)

A B C

D E F

0

1

2

3

Fig. 3. Di!usion power spectra report the Hurst exponent and tortuosity of water con"ned in various polymer environments with nonevolving pore structures. 
(A) shows D(ν) for water con#ned in a representative selection of polymers: network PDKs of di"erent cross- linking density (PDK- T403, PDK- T3000, and PDK- T5000), and 
Lewatit VP OC 1065, compared to D(ν) for an aqueous 50% (w/v) Pluronic F- 127 gel, free water, and dimethylformamide (DMF); the latter two as representative simple 
liquids with unrestricted di"usion. (B) shows these D(ν) spectra relative to the di"usion spectrum of DMF, a representative dipolar- coupled organic liquid without cross- 
linking. (C) shows these spectra relative to the di"usion spectrum of free water, with the horizontal gray line indicating unity. The scaling powers of the di"usion spectra 
reported in (D) connect to the frequency- resolved Hurst exponents, h(ν), in (E). The frequency- resolved tortuosity of the con#ned water in these various environments, 
calculated as the inverse of the data reported in (C), is shown in (F).
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From the di!usion spectra scaling powers shown in Fig. 3D, it is 
possible to calculate the frequency dependence of the Hurst expo-
nents, h(ν), as described and simulated in (21), and the frequency- 
dependent tortuosity of con#ned water as the ratio of their di!usion 
spectra (Fig. 3, E and F, respectively) (50). Notably, water con#ned in 
the smallest network polymer, PDK- T403 (plotted in gold), presents 
the largest h at high frequencies (6 to 8 kHz), followed by water con-
#ned in the polymeric anion exchange resin, Lewatit VP OC 1065, 
an o!- the- shelf control sample with uniform nanopore structure (51) 
(plotted in purple). In contrast, these two systems have the smallest 
values of h at low frequencies from approximately 2 to 4 kHz. Together, 
these trends appear to result from a higher degree of entanglement 
and therefore tighter con#nement of water in the PDK and Lewatit 
systems, which manifests in enhanced high- frequency correlated 
aqueous motion, and suppressed low- frequency, long- range transla-
tional motion.

One of the most straightforward critical parameters used to un-
derstand transport in porous media is tortuosity, which is most sim-
ply understood as the ratio between a curved path and the distance 
between its two ends (52). "is arc- chord ratio is 1 for a linear path, 
π/2 for a half- circle trajectory, and divergent to in#nity for a circular 
path (53–55). Intriguingly, this elementary de#nition of tortuosity 
intuitively suggests a time and frequency dependence, which also 
follows from the Green- Kubo derivations of transport properties 
and time- dependent di!usion as de#ned here in Eq. 2 (28, 56, 57). 
In support of this hypothesis, it was realized that in many typical 

cases of con#ned di!usion, the curvature o'en changes in time. 
"us, it was proposed in this case to #nd a local metric of tortuosity 
as the spatial derivative of the logarithm of the curvature (54). Alter-
natively, the tortuosity has been estimated as the time integral of 
the square modulus of the curvature normalized by the chord length 
(58). Tortuosity is therefore closely related to the fractal dimen-
sion of the path of a moving particle. Figure 3F demonstrates a local 
metric of tortuosity that directly follows from the ratio of di!usion 
spectra for free to con#ned water, where we see the greatest con-
tribution at low frequencies, where bulk di!usion of water is most 
changed as a result of con#nement (50). For the three swelled PDK 
polymers we consider here, we observe the highest tortuosity for 
water con#ned in the smallest network, PDK- T403. "e relatively 
lower values of tortuosity for the Lewatit and water system most 
likely re%ect the averaged contribution of some uncon#ned water to 
the measurement.

Next, we immerse the same series of elastomer networks in D2O 
to selectively study the slower modes of motion of the polymer chains 
themselves. As illustrated in Fig. 4A, the increase in di!usivity of 
polymer protons appears to correspond to increasing network size 
(i.e., cross- linker molecular weight) from the micellar gel Pluronic 
F- 127, to PDK- T403, to Lewatit VP OC 1065, to PDK- T3000 and 
PDK- T5000, which are statistically indistinguishable in this regard. 
Moreover, increased di!usivity probed at frequencies of 5 to 10 kHz 
or more indicates detection of higher- order vibrational modes of 
polymer stretching, which may be described by Rouse and Zimm 
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models of polymer dynamics (8, 33), conceptually illustrated in Fig. 1E, 
and quanti#ed via calculation and analysis of h(ν).

Analysis of normalized frequency- dependent di!usivities of dif-
ferent systems relative to D(ν) for DMF (Fig. 4B) and water (Fig. 4C) 
highlights explicit changes in the di!usion power spectra due to the 
dipolar coupling provided by an organic alkane and free di!usion of 
uncon#ned water, respectively. From comparison to the di!usion 
spectrum for free water in Fig. 4C, it is apparent that while low- 
frequency modes of di!usion are attenuated relative to water, high- 
frequency modes of di!usion are most ampli#ed for systems with low 
cross- link density. This is indicated by crossing below a ratio of 
unity; this threshold is marked in Fig. 4C with a horizontal gray line. 
"is corresponds to the frequency range of molecular motions com-
monly attributed to vibrational dynamics (8). One possible inter-
pretation of this result is that the lower–molecular weight network 
polymers may be too tightly entangled to develop higher modes of 
vibration, whereas higher–molecular weight network polymers with 
relatively lower cross- link density may support a higher harmonic 
range of vibrational movement.

From the di!usion spectra scaling powers shown in Fig. 4D, it is 
possible to calculate (21) the frequency dependence of the Hurst ex-
ponents, h(ν), and the corresponding fractal dimension, df (ν) as 3 − 
h(ν) (Fig. 4, E and F, respectively). Notably, the lowest–molecular 
weight network polymer, PDK- T403 (plotted in gold), presents the 
largest h at high frequencies (6 to 8 kHz), followed by Lewatit VP 
OC 1065 (plotted in purple). In contrast, these two systems have the 
smallest values of h at low frequencies from approximately 2 to 4 kHz. 
"e small values of h below 2 kHz may result from di!erences in the 
overlap between free diffusion and reptation- type movement of 
Lewatit VP OC 1065, an anion- exchange resin, and PDK elastomers. 
Both the high-  and low- frequency behaviors of PDK- T403 and 
Lewatit VP OC 1065 appear to result from a higher degree of entangle-
ment in these systems, which manifests in enhanced high- frequency 
vibrational motion, and suppressed low- frequency, long-range trans-
lational motion (most apparent for PDK- T403), consistent with the 
results shown in Fig. 3. "ese two smallest- network materials show 
the greatest frequency dispersion in fractal dimension, as reported 
in Fig. 4F. Here, the higher dimensionality [approaching three dimen-
sions (3D)] at low frequencies and lower dimensionality (approaching 
2D) at high frequencies suggests the presence of distinct regimes 
that are clearly separated in high–cross- link density materials. On 
the other hand, the lower–cross- link density materials considered 
here re%ect apparently frequency- independent average dimension-
ality of 2.5, perhaps suggesting that the pore spaces are too large and 
%exible to support distinct regimes that result from cross- linking and 
entanglement. Together, these observations are consistent with the 
results of previous studies that suggest one e!ect of cross- linking is 
to lock a polymer network into a nonequilibrium state as compared 
to the same network before the introduction of cross- links (59, 60). 
By extension, it may be surmised that networks with higher cross- 
link density will occupy states farther from equilibrium than those 
with low cross- link density, which manifests as more extreme scaling 
behavior (61, 62).

To summarize, the primary information we have extracted from 
di!usion spectra has been obtained via either (i) the scaling power of 
individual di!usion spectra or (ii) the ratios of di!usion spectra, 
where one of these D(ν) spectra has known properties (such as free 
liquid). "e complementary analyses must be interpreted with the 
recognition that all the superposed modes of detected polymer 

displacements in Fig. 4 correspond to di!erent translational mech-
anisms of motion that are simultaneously present in the various 
systems. "ese translational modes are in fact eigenmodes of the 
relevant di!usion equation. "e possibility for higher harmonics to 
serve as solutions to this equation means that it is theoretically feasible 
for these modes to be detected. Progression to higher frequencies 
typically corresponds with a crossover from reptation to Rouse- type 
motion, to subsegmental motion, where the smaller displacements 
are represented at higher frequencies (63). However, the instrumen-
tal limitations of measuring solid- state samples on a unilateral, low- 
#eld magnet means that some of the fastest relaxing, dipole- coupled 
protons associated with the polymer backbone will not be detected 
in this setup. "ese protons would be the most likely representatives 
of minimum mean squared displacements, yet they may contribute 
only minimally to the superposition state, total di!usion spectrum 
that is recorded.

Case 2: Time- resolved di!usion power spectra
Next, we examine time- resolved MGSE NMR D(ν) in operando 
during polymer deconstruction for PDK- T403 in HBr, HCl, and 
H2SO4. "e acids, respectively, donate chaotropic, order- neutral, 
and kosmotropic anions to the reaction medium, modulating the 
water solvation shells and thereby varying the e!ective surface areas 
and pore volumes available for reaction (Fig. 5). Calculation of h(ν) 
from D(ν) allows estimation of the time-  and frequency- resolved 
rate coe&cients, k(ν, t), as

"is formula has been applied previously to develop rate laws 
with noninteger molecularity and time- dependent rate coe&cients 
(13, 36) and uses a power law framework that has been well estab-
lished in other areas of fractal mathematics (6, 9, 10, 18, 64).

Numerical integration of the Hurst exponent yields a prediction 
of frequency-  and time- dependent kinetic rate coe&cients, provided 
that the reaction studied proceeds in the slow, di!usion- mediated 
limit. Observation of the system in this limit allows the assumption 
that the kinetic and thermodynamic e!ects governing the process 
are operative on analogous timescales. An analytical expression can 
be developed via Laplace transformation of the Eq. 3, yielding the 
solution for k in terms of the Laplace frequency, s, as a product of a 
power law and a gamma function

Figure 5 presents data from the deconstructing PDK- T5000 cyl-
inders shown as the di!usion power spectra, Hurst exponents, and 
derived k(ν, t) from fastest (HBr; green panel backdrop) to slowest 
(H2SO4; red panel backdrop). "ere is a trend of decreasing high- 
frequency modes of di!usion as the reaction progresses from 0 (pale 
blue) to 48 hours (dark blue), by which time even the slowest decon-
structing system in H2SO4 had achieved complete depolymerization. 
"is trend is consistent with the hypothesis that cross- link density 
diminishes as the polymer network breaks apart, which serves to de-
crease the network con#nement of trapped water. We note that the 
decreased di!usive attenuation with frequency (i.e., higher values of 
D(ν) in Fig. 5, A to C) arises from enhanced spin coherence as evi-
denced by di!usion power spectra with frequency scaling exponents 
greater than Rouse- type ∝ ν3∕4. In the early stages of reaction, this 
trend is indicative of non- Brownian movement of con#ned water. 

k(ν, t) = k(0)t−h(ν) (3)

k(s) ≅ sh−1Γ(1−h) (4)
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As depolymerization progresses and the network breaks apart, the 
water and released monomer molecules become less correlated in 
their movement until free tumbling and rotation in solution domi-
nate molecular motion (65). As the aqueous reaction medium gains 
concentration of released monomer, the free tumbling of aqueous 
molecules becomes more hindered, resulting in increased viscosity 
and a corresponding decrease in the Hurst exponent as reaction time 
progresses, shown in Fig. 5, D to F. Whereas there is not a hugely 
discernible change in rate coe&cient over time for the fastest- 
deconstructing system shown in Fig. 5G, as the reaction medium 
becomes more kosmotropic (Fig. 5, H and I), the rate coe&cient 
shows a marked decrease over time for the low-  and high- frequency 
regions (~0 to 3 kHz and 6 to 8 kHz), as predicted from the ensemble 
averages measured via MRI in Fig. 2 and (36). Unexpectedly, there is 
a notable increase in rate coe&cient circa 5 kHz apparent in the HBr 
deconstruction, which likely also manifests in the H2SO4 medium. 
Here, we surmise that the correlation time for molecular motion 
matches a characteristic timescale for the microscopic reaction 
mechanism, leading to local acceleration (vide infra). "ese intriguing 
observations are contextualized by and are consistent with previous, 
multiscale investigations of these systems with a variety of experi-
mental techniques (31, 36, 65). Nonetheless, these #ndings portend 
further study to engineer the deconstruction properties of polymer 
materials based on mapping local acceleration dynamics to speci#c 
molecular moieties.

Case 3: Bridging kinetics and thermodynamics in 
heterogeneous processes
We submit that the frequency dispersion of the time- dependent 
depolymerization rate coe&cients provides additional insight to the 
instantaneously calculated set of k(t) reported in Fig. 2. From the set 

of k(ν, t) shown in Fig. 5 (G to I), it is possible to calculate frequency- 
dependent order parameters, F(ν), as the ratio of the initial to #nal 
k(ν, t) via the proportion

as demonstrated in Fig. 6A (13, 66, 67). From this analysis, it becomes 
possible to attribute chemical kinetics in regions of relatively faster 
or slower reaction (i.e., temporally distinct behavior) to speci#c modes 
of di!usive behavior in space. "ese corresponding modes of di!usion 
can be understood to indicate regions of greater network con#ne-
ment when their amplitudes over a given set of frequencies di!ers 
substantially from that of free water (which displays no e!ects of 
con#nement and minimal e!ects of shear viscosity) and DMF (with 
intramolecular dipolar coupling, but no cross- linking or porous net-
work con#nement). Here, we note again the apparent acceleration of 
order parameter at 5 kHz in the HBr and H2SO4 media.

We sum the individual frequency contributions that are spectrally 
resolved in Fig. 6A to yield a macroscopic order parameter (13, 36, 
67–69) (Fig. 6B). We note that we have not performed any normaliza-
tion based on the number of frequencies sampled. "e trend of increas-
ing F with variation of chaotropic- to- kosmotropic reaction media 
qualitatively re%ects the magnitude of changes in self- ordering that 
are necessary for the system for achieve thermodynamic equilibri-
um as the low- energy state associated with reaction completion. "e 
most kosmotropic system considered here, H2SO4 (shown in red), 
begins in the most ordered state with the largest solvation shells, and 
therefore must undergo the greatest amount of change in terms of 
structural reorganization to achieve uniformly mixed products. "is 
process is di!usion- mediated and entropically driven. On the other 

F(ν) =
k(ν, 0)

k
(
ν, tfinal

) (5)

Fig. 5. Time- resolved di!usion power spectra enable operando observation of local depolymerization reaction rates. Overlaid di"usion power spectra for deconstruct-
ing PDK- T5000 cylinders 6 mm in diameter and 5 mm in height in 5 M HBr, HCl, and H2SO4 (A to C) yield time-  and frequency- resolved Hurst exponents (D to F), which predict 
rate coe$cients (G to I). From numerically integrating h(ν, t) with respect to time, as plotted in [(D) to (F)] and calculated from [(A) to (C)], it is possible to determine as shown in 
(G to I) k(ν, t). As the fastest- depolymerizing system considered here, the PDK- T5000 reacting in HBr (green backdrop; left column) reaches completion of reaction #rst, which 
is clear in (D) as the sudden drop in h(ν, t) at 24 hours toward zero mean. The slowest- depolymerizing system here is PDK- T5000 reacting in H2SO4, plotted with a red backdrop 
in the rightmost column. PDK- T5000 deconstructing in HCl presents a reaction of intermediate rate, plotted with gray backdrop in the center column. h, hours.
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hand, the most chaotropic system, HBr (shown in green), begins in 
a randomized state that is closest to thermodynamic equilibrium, 
and thus presents the smallest order parameter. "e reported trend 
in order parameter increasing together with kosmotropicity of the 
acid anion, a thermodynamic metric, is consistent with the observed 
trend in kinetic reaction rate coe&cients (31, 36). "e correspondence 
between thermodynamic and kinetic factors is noteworthy and may 
play a role in the molecular dynamics of other systems.

DISCUSSION
E&cient characterization strategies that illuminate both the struc-
tures and dynamics of polymers during chemical transformations 
are urgently needed for improving the present understanding of poly-
mer deconstruction. Such strategies are presumed to facilitate op-
timization and tuning of polymer properties that in%uence circular 
manufacturing processes. In macroscopically heterogeneous environ-
ments such as deconstructing elastomer networks, however, the present 
literature does not provide insight into the coupling of transport and 
dynamics to the molecular motion of the reactive medium con#ned 
within these networks. As a result, current treatments of molecular 
dynamics in polymer systems o'en fall short in capturing the com-
plexity of transport processes, particularly those exhibiting time- 
variant, non- Euclidean boundary conditions. To bridge this gap, 
observation of frequency- dependent di!usion is powerful because 
it o!ers a direct link between structure and dynamics across time-  
and lengthscales and can be made sensitive to both an aqueous me-
dium and a polymer network as shown herein.

"e MGSE NMR–based method for characterizing the frequency- 
dependent di!usion of the various molecular moieties present in 

reactive elastomer networks swelled in aqueous media is shown in 
the context of physical models parameterized with fractal mathematics. 
Here, di!usion power spectra connect the microscopic, structural 
origins of di!erences of motion to the macroscopic deconstruction 
rates and bulk- scale depolymerization outcomes. "us, the NMR- 
based MGSE method for measuring di!usion power spectra presents 
a promising avenue for addressing the need for improved charac-
terization strategies for to a circular plastics economy, o!ering a 
wealth of chemical and mechanical information from a simple mea-
surement that can be performed with readily customized benchtop 
NMR systems for operando studies.

"e MGSE methods are not without some limitations. Because of 
the use of a constant magnetic #eld gradient, the echo time is the 
parameter varied via changing the number of echoes, rather than 
gradient strength, for this implementation of MGSE experiments 
(70, 71). To minimize the e!ect of relaxation, the total pulse se-
quence time Ttotal is held constant, here at 55 ms. "us, the minimum 
and maximum echo times are the limiting instrumental and physical 
factors. "e minimum here is 50 μs, but is practically limited by only 
duty cycle. In principle, if the echo time were reduced by a factor of 
10 or more, it could be possible to access the hundreds of kilohertz 
regime of molecular motion, if the e!ects of convection in aqueous 
samples could be mitigated. Hardware improvements could realisti-
cally enable echo times of 2 to 4 μs with technology that is currently 
available, and the e!ects of convection are typically mitigated via 
temperature control or the reduction of liquid sample volume. On 
the other hand, the maximum echo time here of 1.1 ms was determined 
by spin relaxation during this time window, which is accentuated due 
to the inhomogeneous broadening caused by the unilateral magnet. 
In a homogeneous #eld with pulsed magnetic #eld gradients, this 
echo time can easily be much longer; however, the minimum echo 
time would also be much longer, due to the added switching/ramp 
times for the gradient pulses.

Beyond calibration of the constant magnetic #eld gradient for 
calculation, we posit that normalization of di!usion power spectra 
via control samples is not valid in the same way that it is for PFG 
experiments that use calibration to a standard, zero frequency value. 
While such calibrations can potentially provide a prediction of the y 
intercept in a di!usion spectrum, the shape of the spectrum at non-
zero frequencies is determined by a Lorentzian expression from the 
solution to the di!usion equation (22). "is full solution accounts 
for not only zero frequency, or in#nite time, translational motion, 
but also higher- order vibrational movements determined by the 
density of states, the number of degrees of freedom available to a 
system, and thus its cross- link density and degree of entanglement 
as shown in Fig. 1D. In addition, correlated modes of mutual di!u-
sion and non- Brownian motion may contribute to the nonzero fre-
quency part of the di!usion spectrum, thus mandating the use of an 
expression for mean squared displacement that can account for time 
dependence with fractionally scaled power laws.

In summary, we demonstrate insights into polymer deconstruction 
that are not available from traditional methods. Our #ndings under-
score the potential of coupling experimental MGSE measurements of 
di!usion power spectra with physical models parameterized with frac-
tal mathematics, thereby enhancing both fundamental understanding 
of polymer motion and kinetics in polymers and providing modeling 
tools for engineering materials with tailored properties and behaviors. 
We anticipate that these experimental and analytical tools may serve 
to advance industrial recycling practices in plastics circularity.
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Fig. 6. Frequency dispersion of reaction order parameters. (A) compares the 
frequency- dependent order parameters for PDK- T5000 depolymerization in 5 M 
HBr, HCl, and H2SO4, calculated from the ratio of the initial to #nal k(ν, t) plotted in 
Fig. 5 (G to I). Here, the inverse order parameter is plotted to intuitively show the 
regions of anomalous local reaction acceleration as F(ν)−1 > 1, in contrast to the 
regions of deceleration with local values of F(ν)−1 < 1. The ratio of constant rate is 
indicated by the horizontal gray line F(ν)−1 = F(ν) = 1. By summing all the indi-
vidual frequency contributions to F(ν), it is possible to calculate a macroscopic 
order parameter, F, independent of frequency, to contrast the di"ering reaction 
systems in (B).
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MATERIALS AND METHODS
Experimental design
PDK elastomers were prepared by mixing solutions of triketone 
monomer and tribranched amine- terminated polypropylene glycol 
cross- linkers T403, T3000, and T5000 (Huntsman), whose molar 
masses are nominally 403, 3000, and 5000 g mol−1, respectively (31). 
A thorough description is provided in the Supplementary Materials. 
For swelling measurements, samples were immersed in an excess of 
H2O or D2O for a minimum of 1 week, to ensure that equilibrium 
had been achieved before measurement. Acids were prepared in 5 M 
concentration of HBr, HCl, and H2SO4 with chemicals that were 
obtained from Sigma- Aldrich and used as received. Lewatit VP OC 
1065 was purchased from Sigma- Aldrich; the network molecules 
were evacuated before introduction of H2O or D2O. Pluronic F- 127 
powder was purchased from Sigma- Aldrich; hydrogels were pre-
pared at concentrations of 50% (w/v) with H2O and D2O by cooling 
below 10°C to dissolve the powder, then heating above 10°C to set 
the gel. Cooling and heating cycles were repeated 15 to 20 times 
over the course of 12 hours until gels had achieved structural uni-
formity with no bubbles evident, appeared visually transparent, and 
irradiation with a collimated infrared laser beam did not result in 
scattered light.

NMR MGSE (27, 29) measurements were performed at room 
temperature with an NMR- MOUSE (Mobile Universal Surface Ex-
plorer) PM25 0.3- T unilateral magnet (72, 73) and a Magritek Kea II 
spectrometer at a 1H resonant frequency of 13.11 MHz and a constant 
magnetic #eld gradient of 7 T m−1. "e number of π radio frequency 
(rf) pulses in a Carr- Purcell- Meiboom- Gill pulse sequence (CPMG) 
(74, 75) was varied within a #xed total time to selectively detect the 
di!usive contribution to signal relaxation and not transverse relaxation, 
using Prospa version 3.61 so'ware from Magritek (Malvern, PA.). 
For all experiments, π/2 rf pulse lengths were 2.5 μs, the delay 
between π rf pulses was varied between 55 and 1100 μs in 20 incre-
mental steps, and the repetition time for signal averaging was 2.4 s 
to sum either 128 or 4096 CPMG transient signals for the H2O-  and 
D2O- based set of samples, respectively. To cancel artifacts arising 
from pulse imperfections, the initial π/2 rf pulse and the receiver 
were cycled between +x and −x phase while holding the π rf pulse 
phase constant at +y .

Imaging experiments were carried out with a Pure Devices 
0.55- T Magspec magnet interfaced to Drive- L RF- 100 and Gradient-
 600 amplifiers and an actively damped Q probe (Pure Devices 
GmbH, Germany), at a 1H resonant frequency of 24.36 MHz, and 
temperature controlled at 29°C. Images were acquired using a 
standard spin echo pulse sequence (76) with an echo time of 5 ms 
and a repetition time of 5T1 =  1 s for the 5 M strong acids, to 
maximize signal from the aqueous acid and minimize signal from 
solid PDK with R2 weighting. A 10- mm square #eld of view was 
chosen, corresponding to a 64 by 64 sampling grid with a slice 
thickness of 5 mm for axial images centered on polymer cylinders 
6 mm in height and 8 mm in diameter placed in approximately 
1 cc of acid. Zero- #lling interpolated the square pixel resolution 
from 156.2 to 39.1 μm.

Statistical analysis
All simulations and data analysis were accomplished with MatLab 
(Mathworks, Natick, MA). "e calculation of D(ω) from MGSE ex-
periments was performed using a formula for echo attenuation as a 
function of gradient modulation frequency,

as previously derived via average Hamiltonian theory using a cumu-
lant expansion to second order (27, 29, 77). Here, E0,i is the initial 
intensity of the echo train corresponding to the ith component of 
the signal with transverse relaxation T2i. "e strength of the mag-
netic #eld gradient is denoted by G, γ is the magnetogyric ratio of the 
detected nucleus, and Dzz,i

(
ωm

)
 refers to the frequency- dependent 

di!usion coe&cient, or the velocity autocorrelation spectrum, of the 
ith component of the signal along the direction of the magnetic #eld 
gradient, which is here denoted as z. "e variable τ is the product of 
the number of spin echoes and the period of π- rf pulses, i.e., twice 
the echo time, and the modulation frequency, ωm, is the product of 
π and the inverse modulation period (26, 27, 29, 78).

In MGSE experiments recorded with the static magnetic #eld 
gradient of a unilateral magnet, variation of echo time leads to vari-
able π- rf pulse frequency (70). As the echo time is increased, R2 
weighting is also increased, as longer echo times allow fast- relaxing 
signal components to decay between the pulses. "is is an unavoid-
able part of the MGSE experiment; however, by keeping the total time 
#xed, we have attempted to minimize to some extent the degree of 
R2 weighting that occurs. Undoubtedly, the detected signal, and thus, 
the velocity autocorrelation function, contains contributions from 
many di!erent groups of protons. "is e!ect is even more com-
pounded by the presence of various dynamic processes across the 
systems we consider, such as polymer chain motion, chemical ex-
change, etc. "erefore, the measured velocity autocorrelation func-
tions are best understood as ensemble averages over all the protons 
in the system.

Measurements were collected in triplicate and error bars repre-
sent the statistical mean and SD. Further mathematical derivation is 
provided in the Supplementary Materials.

Supplementary Materials
This PDF "le includes:
Supplementary Text
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Supplementary Text 
PDK Synthesis 
5,5-dimethyl-1,3-cyclohexanedione (dimedone, 95%), 4-(dimethylamino)pyridine (DMAP, 99%), 
N,N’dicyclohexylcarbodiimide (DCC, 99%),  potassium hydroxide (KOH, 99%), sulfuric acid 
(H2SO4, 98%), hydrochloric acid (HCl, 37%) and hydrobromic acid (HBr, 48%) were purchased 
from Sigma Aldrich and used as received. Trimethylolpropane tris[poly(propylene glycol), amine 
terminated] ether (triamine T403, T3000, T5000) were obtained from Huntsman and used without 
further purification.  All solvents — dichloromethane (DCM) (>99.9%) and chloroform (CHCl3) 
(>99.8%) — were purchased from VWR and used without further purification. 1,10-bis(2-
hydroxy-4,4-dimethyl-6oxocyclohex-1-en-1-yl)decane-1,10-dione (TK10 triketone monomer) 
was synthesized according to previously reported procedures.(31) The PDK elastomers PDK-
T403, PDK-T3000 and PDK-T5000 were prepared by mixing TK10 monomer and triamine 
monomers (T403, T3000 and T5000) pre-dissolved in DCM followed by thermal evaporation of 
the solvent. The concentration of triketone and triamine solutions before mixing were all kept at 
50 wt% and the triketone to reactive amine molar ratio was kept at 1 : 1.3 for all PDK elastomers.  
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Mathematical models of diffusion 
Linear and nonlinear models of diffusion are developed and directly connected to experiment by 
measuring time- or frequency-dependence of self-diffusion of confined water and polymer 
networks. Here we contrast: 

 
1. The traditional paradigm of linear diffusion 
2. A fractional model of nonlinear diffusion via time-dependent 𝐷𝐷(𝑡𝑡).  
 

For each case, we provide the spectral dispersion via Fourier transform to 𝐷𝐷(𝜔𝜔), and theoretical 
limits for zero and infinite frequency. 

 
1. The traditional paradigm of linear diffusion 
Introduced early 1900s when Einstein, Smoluchowski, Sutherland, and Langevin formulated the 
theory of Brownian motion, the traditional paradigm of linear diffusion has key features of 
predicted molecular motion whose mean squared displacement (MSD) scales linearly in time, 
and a Gaussian probability density function (PDF).(16, 28) 

 
Starting with the diffusion equation: 

 
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡

= 𝐷𝐷∇2𝜕𝜕(𝑥𝑥, 𝑡𝑡) 
 

Fourier transformation of both sides yields 
 

𝜕𝜕𝐹𝐹𝑠𝑠(𝑘𝑘, 𝑡𝑡)
𝜕𝜕𝑡𝑡

= −𝐷𝐷𝑘𝑘2𝐹𝐹𝑠𝑠(𝑘𝑘, 𝑡𝑡) 
 

using 𝐹𝐹𝑠𝑠(𝑘𝑘, 𝑡𝑡) = ∫ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝜕𝜕(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑥𝑥. The solution is 𝐹𝐹𝑠𝑠(𝑘𝑘, 𝑡𝑡) = 𝑒𝑒−𝐷𝐷𝑖𝑖2𝑡𝑡, given that 𝐹𝐹𝑠𝑠(𝑘𝑘, 0) =
𝛿𝛿(𝑘𝑘) = 1. Performing an inverse Fourier transform yields: 

 

𝜕𝜕(𝑥𝑥, 𝑡𝑡) =
1

2𝜋𝜋
� 𝑒𝑒−𝐷𝐷𝑖𝑖2𝑡𝑡+𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑘𝑘
∞

−∞

=
1

2𝜋𝜋
𝑒𝑒�−

𝑖𝑖2
4𝐷𝐷𝑡𝑡� � 𝑒𝑒−𝐷𝐷𝑡𝑡�𝑖𝑖−

𝑖𝑖𝑖𝑖
2𝐷𝐷𝑡𝑡�

2

𝑑𝑑𝑘𝑘
∞

−∞

=
1

√4𝜋𝜋𝐷𝐷𝑡𝑡
𝑒𝑒−

𝑖𝑖2
4𝐷𝐷𝑡𝑡 

 
Thus, the MSD is found as 

 
〈𝑥𝑥2〉 = ∫ 𝑥𝑥2𝜕𝜕(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑥𝑥∞

−∞    or, equivalently,  〈𝑥𝑥2〉 = lim
𝑖𝑖→0

𝜕𝜕2𝐹𝐹𝑠𝑠(𝑖𝑖,𝑡𝑡)
𝜕𝜕𝑖𝑖2

 
 

which both give the expected one-dimensional result: 
 

〈𝑥𝑥2〉 = 2𝐷𝐷𝑡𝑡. 
 
For three dimensions described radially, we may invoke equipartition for generalization to 

〈𝑟𝑟2〉 = 6𝐷𝐷𝑡𝑡. This may be re-written as 〈|𝑟𝑟(𝑡𝑡) − 𝑟𝑟(0)|2〉 = 6𝐷𝐷𝑡𝑡, and thus D is proportional to the 
autocorrelation of velocity/t. 
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i. Since 𝐹𝐹𝑠𝑠 is a complex frequency dependent function, it is natural to express the 

frequency dependence of the diffusivity as 
 

𝐷𝐷(𝜔𝜔) =
1
3
� 𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡〈𝑣𝑣(0)𝑣𝑣(𝑡𝑡)〉𝑑𝑑𝑡𝑡
∞

0

 

 
which can be interpreted as a spectral density of molecular diffusion.  
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2.  Nonlinear diffusion in fractal environments 
 

The key feature of predicted molecular motion here is an MSD that scales nonlinearly in time, 
modeled with a space- or time-dependent diffusion coefficient.(4, 7–9, 11) 

 
 

Case 1: Spatial heterogeneity causes: 〈𝑟𝑟2〉 ~ 𝐷𝐷(𝑟𝑟)𝑡𝑡 
with 𝐷𝐷(𝑟𝑟) = 𝑟𝑟2−𝑑𝑑𝑤𝑤, where 𝑑𝑑𝑤𝑤 is the dimension of the walk. For a Euclidean lattice, 𝑑𝑑𝑤𝑤 = 2. The 
exemplary O’Shaughnessy-Procaccia model is generated by replacing d, the dimensionality, with 
df, the fractal dimensionality, and D with D(r) in the radially symmetric diffusion equation: 

 
𝜕𝜕𝜕𝜕(𝑟𝑟, 𝑡𝑡)
𝜕𝜕𝑡𝑡

=
1

𝑟𝑟𝑑𝑑𝑓𝑓−1
𝜕𝜕
𝜕𝜕𝑟𝑟
�𝑟𝑟𝑑𝑑𝑓𝑓−1𝑟𝑟2−𝑑𝑑𝑤𝑤

𝜕𝜕𝜕𝜕(𝑟𝑟, 𝑡𝑡)
𝜕𝜕𝑟𝑟

� 

 
where the concentration, C, is equivalent to the PDF scaled by the number of molecules within 
the integrated volume, N*P. However, this approach is more useful for static measurements with 
fixed fractal geometry, not varying fractal geometry. 

 
 

Case 2: If we alternatively invoke a time-dependent diffusivity as 𝐷𝐷(𝑡𝑡) = 𝛼𝛼𝑡𝑡𝛼𝛼−1𝐷𝐷, where 𝛼𝛼 =
2ℎ, then: 

 
𝜕𝜕𝜕𝜕(𝑟𝑟,𝑡𝑡)
𝜕𝜕𝑡𝑡

= 𝛼𝛼𝑡𝑡𝛼𝛼−1𝐷𝐷 𝜕𝜕2𝜕𝜕(𝑟𝑟,𝑡𝑡)
𝜕𝜕𝑖𝑖2

. 
 

The solution becomes: 
 

𝜕𝜕(𝑥𝑥, 𝑡𝑡) =
1

√4𝜋𝜋𝐷𝐷𝑡𝑡𝛼𝛼
𝑒𝑒−

𝑖𝑖2
4𝐷𝐷𝑡𝑡𝛼𝛼  

 
which yields an MSD of  

 
〈𝑥𝑥2〉 = 2𝐷𝐷𝑡𝑡𝛼𝛼 = 2𝐷𝐷𝑡𝑡2ℎ 

 
for 1D, or 〈𝑟𝑟2〉 = 6𝐷𝐷𝑡𝑡𝛼𝛼 = 6𝐷𝐷𝑡𝑡2ℎ for 3D. This may be re-written as 〈|𝑟𝑟(𝑡𝑡) − 𝑟𝑟(0)|2〉 = 6𝐷𝐷𝑡𝑡𝛼𝛼 =
6𝐷𝐷𝑡𝑡2ℎ, and thus D is proportional to the autocorrelation of velocity/𝑡𝑡𝛼𝛼 . 

 
i. Since 𝐹𝐹𝑠𝑠 is a complex frequency dependent function, it is natural to express the 

frequency dependence of the diffusivity as 

𝐷𝐷(𝜔𝜔) =
1
3
� 𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡〈𝑣𝑣(0)𝑣𝑣(𝑡𝑡)〉𝑡𝑡−ℎ𝑑𝑑𝑡𝑡
∞

0

 

 
which can be interpreted as a spectral density of molecular diffusion. 
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